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KAZUO HABIRO 

Abstract. The main object of study in this paper is the completion 
Z [q] N = lim Z [g] / ( ( 1 - q) ( 1 - q 2 ) ■ ■ ■ ( 1 - q" ) ) of t he polynomial ring Z [q] , 
which arises from the study of a new invariant of integral homology 3- 
spheres with values in Z[g] N announced by the author, which unifies all 
the sh Witten-Reshetikhin-Turaev invariants at various roots of unity. 
We show that any element of Z[q] N is uniquely determined by its power 
series expansion in q — £ for each root £ of unity. We also show that 
any element of Z[g] N is uniquely determined by its values at the roots 
of unity. These results may be interpreted that Z[g] N behaves like a 
ring of "holomorphic functions defined on the set of the roots of unity" . 
We will also study the generalizations of Z[g] N , which are completions 
of the polynomial ring R[q] over a commutative ring R with unit with 
respect to the linear topologies defined by the principal ideals generated 
by products of powers of cyclotomic polynomials. 
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1. Introduction 
The main object of study in this paper is the completion 

(1) Z[q] N = \imZ[q]/((q) n ) 

n>0 

of the polynomial ring Z[g] in an indeterminate q, where we use the notation 

(q)n = (1 - q)(l -q 2 )---(l- q n ) G Z[q], n > 0. 
Each element a G Z[g] N is expressed as an infinite sum 

(2) a = ^2a n (q) n , 

n>0 

where a n 6Z[g] for n > 0. 

Some specific instances of the series (||) and some variants which can 



define elements of Z[g] N can be found in the literature. Zagier [13] studied 
the series ^2 n>0 (l)n, which was introduced by Kontsevich, and observed that 
it can be expanded in q — £ for any root £ of unity. Clearly, this is the case 
also for any elements of Z[g] N . Some of the formulae given by Lawrence and 
Zagier {ij and by Le || for the values of the sfe Witten-Reshetikhin-Turaev 
invariants || [12] of some particular 3-manifolds, including the Poincare 



homology sphere, were expressed as infinite series similar to (|2j), and have 
well-defined values at the roots of unity. 

The ring Z[g] N arises from the new invariant I(M) of an integral homology 
3-sphere M that we announced in Jl] (see also ||). (The ring Z[g] N is denoted 
Z[q] in pj.) The invariant I(M) takes values in Z[g] N and unifies all the sl2 
Witten-Reshetikhin-Turaev invariants t^(M) defined at various roots £ of 
unity; i.e., for any root £ of unity we have 

I(M)\ q=( = r c (M). 

As we explained in Q, the existence of the invariant I(M) generalizes the 
previous integrality results || Q @ |l^| on the Witten-Reshetikhin-Turaev 
invariant for integral homology spheres. 

The present paper was at first intended to provide the results on the 
ring Z[q] N announced in ||] and those necessary for the future papers J|] in 
which we will prove the existence of I(M). From purely algebraic interests, 
however, we will also study some generalizations of Z{q]^ as follows. 

Let R be a commutative ring with unit, and let R[q] denote the polynomial 
ring over R in an indeterminate q. For each n G N = {1,2,...} let & n (q) 
denote the nth cyclotomic polynomial 

*»(?)= II (?-C*)eZ[(ri, 

(i,n)=l 

where £ is a primitive nth root of unity. If S C N is a subset, we set 

* s = | n G S} C Z[q], 
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and let &* s denote the multiplicative set in Z[q] generated by $5, which we 
will regard as a directed set with respect to the divisibility relation |. The 
principal ideals (f(q)) C R[q] for f(q) £ §>* s define a linear topology of the 
ring R[q\. Define a commutative f?-algebra by 

(3) R[q] S = lim R[q]/(f(q)), 

which we will call the (S-)cyclotomic completion of R[q\. Since the sequence 
(— l) n (q) n , n > 0, is cofinal to the directed set the definition (|3|) is 
consistent with ([!]). Note that if 5 is finite, then -R[q , ] s ' is identified with the 
dl *s)-adic completion of R[q], where II *S = ]l/e# s / = lines In 
particular, we have flfgJ'W ~ R[[q — 1]] and i?[g]^ 2 ^ ~ -R[[<7 + 1]]. In general, 
we have a natural isomorphism 

Z[qf ~ lim Z[qf, 
S'cS,\S'\<S 

where S' runs through all the finite subsets of S. 

We are interested in the behavior of natural homomorphisms among the 
cyclotomic completions i?[g] s for various R and S, and also those among the 
and some other rings. First of all, if g: R — > R' is a ring homomor- 
phism, then for each S C N the homomorphism g q : R[q] — ► -R'fg], induced 
by g, induces a ring homomorphism g$'- R[q] S — ► R'[q] s ■ If g is injective 
(resp. surjective), then so is gs (see Lemma |Q| ) . 

More interesting homomorphisms among cyclotomic completions are in- 
duced by inclusions S' C S C N. In this case, is a directed subset of 
and hence idjjui induces an i?-algebra homomorphism 

p§ iS r. R[q] S - R[qf . 

The rings for S C N and the homomorphisms p§ f° rm a presheaf 

of rings over the set N with the discrete topology; i.e., we have R[q] = {0} 
and p§ tS „ = p§ tS „p§ tS , if S" C S' C S C N. 

We will state a sufficient condition for p§ S / to be injective using a certain 
graph defined on the set S. For each subset S C N, let r^(5) denote the 
graph (with loop-edges) whose set of vertices is S, and in which two elements 
n,n' G S are adjacent if and only if either 

(1) n = n', 

(2) n/n' is an integer power of a prime p such that i? is p-adically sep- 
arated, i.e., O-^piR = (0), or 

(3) J R = {0}. 

If either one of the above conditions holds, then we write n 44>^ n' . For 
example, in T^(N) two vertices n,n' are adjacent if and only if n/n' is an 
integer power of a prime, and hence the graph r^(N) is connected; while 
the graph Fq(N) is discrete, i.e., two distinct vertices are never adjacent. 
Theorem ^2] states that if S' C S C N are subsets such that for any n S S 
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there is a sequence S' B n' ■ ■ ■ 44>/j n in S, then the homomorphism 
Pg s , is injective. A nonempty subset S C N is said to be Or- connected if 
the graph Fr(S) is connected. It follows that if S C N is Ojj-connected, 
then for any nonempty subset S' C S the homomorphism pggi is injective. 
In particular, since N is O^-connected, for each n £ N the homomorphism 

p\ {n} : Z[qf - Z[g]W( = ^ZM/Wfl 

i>o 

is injective. 

If £ is a primitive nth root of unity, then the homomorphism 

which is induced by the inclusion Z[q] C Z [£][</] and factors through p^ ry, 

is injective (Theorem |5.4 ). In other words, each element of Z[g] N is uniquely 
determined by its power series expansion in q — £. In particular, the invariant 
I(M) of an integral homology sphere M is completely determined by its 
expansion in q — £ for one root £ of unity, which in the case £ = 1 is the 
Ohtsuki series |7|. Since Z[£][[g — £]] is an integral domain, it follows that 
so is Z[g] N (Corollary 

We are also interested in the homomorphism 

r| T : R[qf - P T (E) = J] %]/(*„(?)) 

for T C 5 C N, induced by the homomorphism — > Pt(R), f(q) i— > (/(g) 
mod ($ n (g))) n£ T, where i? is a subring of the field Q of algebraic numbers. 
If S is O^-connected, and for some n £ S there are infinitely many elements 
m G T with m <S>fl n, then t^ t is injective (Theorem |6.1| ). In particular, 
if T C N contains infinitely many prime powers, then rf iT : Z[qf P T (Z) 
is injective. Hence it follows that if Z is a set of roots of unity containing 
infinitely many elements of prime power order, then the homomorphism 

induced by Z[q] — > Pz(Z), f(q) i— > (/(C))cez> is injective (Theorem |6.3|). In 
other words, each element in Z[g] N is uniquely determined by its values at 
roots of unity in such a set Z. In particular, it follows that the invariant 
I(M) of an integral homology sphere M is completely determined by the 
Witten-Reshetikhin-Turaev invariants t^(M) with £ E Z. 

Recall that a holomorphic function defined in a region is determined either 
by the power series expansion at one point or by its values at any infinitely 
many points contained in a compact set in the region. The properties of 
Z[g] N described above may be interpreted that Z[g] N behaves like the ring of 
"holomorphic functions defined in the set of the roots of unity" . These prop- 
erties are not as obvious as they might first appear; the ring Q[g] N , which 
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contains as a subring, is quite contrasting. We have an isomorphism 

®[qf ~ Q[ 9 ]W, 
n6N 

see Section |7.5| . It follows that , , for n 6 N and r^ N are no£ injective 

(but surjective), and that Q[(/] N is noi an integral domain. 

The results stated above are more or less generalized in the later sections. 

The rest of the paper is organized as follows. In Section ^ we fix some 
notations. Section |3| deals with what we might call "monic completions" 
of R[q], which are generalizations of cyclotomic completions defined using 
monic polynomials instead of cyclotomic polynomials. In Section Q we apply 
the results in Section || to cyclotomic completions, and study the conditions 
for the homomorphisms p§ s , to be injective. In Section |5| we consider the 
power series expansion of the elements of -R[<7] 5 in q — C with £ G R root of 
unity of order contained in S. In Section |6| we study the homomorphisms 
Tg T and Tg Z . In Section |?] we give some remarks. 

2. Preliminaries 

Throughout the paper, rings are unital and commutative, and homomor- 
phisms of rings are unital. By "homomorphism" we will usually mean a ring 
homomorphism. Two rings that are considered to be canonically isomorphic 
to each other will often be identified. Also, if a ring R embeds into another 
ring R' in a natural way, we will often regard R as a subring of R'. 

If R is a ring and I C R is an ideal, then the J-adic completion of R will 
be denoted by 

R 1 = lim R/P, 
j 

and if J C I is another ideal, then let 

denote the homomorphism induced by id^. These notation should not cause 
confusions with R[q] s and p§ $/ defined in the introduction. We will further 
generalize these notations in the later sections. The ring R is said to be I- 
adically separated (resp. I-adically complete) if the natural homomorphism 
R — > R 1 is injective (resp. an isomorphism). Recall that R is I-adically 
separated if and only if f]j>o I 3 = (0)- 

Let N = {1, 2, . . .} denote the set of positive integers. We regard N as a 
directed set with respect to the divisibility relation |. We will not use the 
letter N for the same set {1,2,...} when it is considered as an ordered set 
with the usual order <. 

The letter q will always denote an indeterminate. 
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3. MONIC COMPLETIONS OF POLYNOMIAL RINGS 

3.1. Definitions and basic properties. For a ring R let Mr denote the 
set of the monic polynomials in R[q], which is a directed set with respect 
to the divisibility relation |. For a subset M C Mr, let M* denote the 
multiplicative set in R{q] generated by M, which is a directed subset of 
Mr. The principal ideals (/), / € M* , define a linear topology of the ring 
R[q], and let 

(4) R[q] M = lim %]/(/) 

feM* 

denote the completion. (If M = {1}, then (|) implies R[q} {1} = R[q]/(1) = 
0, which notationally contradicts to the previous definition R[q]W = R[[q- 
1]]. In the rest of the paper, however, "^[g]^ 1 ^" will always mean — 1]].) 

If M' C M C Mr, then (M')* is a directed subset of M* , and hence 
id induces a homomorphism 

P R M,M>: R[q] M ~* R[q] M ' ■ 

We also extend the notation in the obvious way to p^j- R[q] M — ► -RfeF 
for M C A4r a subset and I C R an ideal, etc., if it is well defined. (The 
general rule is that Pxy- R[o\ X ~^ R[o\ Y 1S a homomorphism induced by 

If M C Mr is finite, then the directed set M* is cofinal to the sequence 
([jMp, j > 0. Hence R[q] M is naturally isomorphic to the (fTM)-adic 
completion i?[g](n M ) Q f R[q\. In particular, if / E Mr, then we have 

R[q] {f} ~ = lim.Rtg]/^. 

If M C A1_r is infinite, then R[q] M is not an ideal-adic completion in general, 
see for example Proposition |6.2| . 

If M C Mr, then the rings R[q] M ' for finite subsets M' of M and the 
natural homomorphisms p?,, M „ for finite M 1 , M" with M" C M' C M form 
an inverse system of rings, of which the inverse limit is naturally isomorphic 
to R[q] M ; i.e., we have 

(5) R[q] M ~ lim i?[g] M '. 

M'CM, |M'|<oo 

Let h : i? — > i?' be a ring homomorphism. Note that if h is injective (resp. 
surjective), then so is the induced homomorphism h q : R[q] — > 

Lemma 3.1. Ze£ /i: i? — > i?' 6e a rin^ homomorphism and let M C Mr, 
be at most countable. If h is injective (resp. surjective), then so is the 
homomorphism 

h M : R[q] M -^R'[q] h (M) 

induced by h q . 
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Proof. If M C {1}, then the result is trivial, so we assume this is not the 
case. Since M is at most countable, there is a (possibly terminating) se- 
quence go\gi \ ■ ■ ■ in M* , which is cofinal to M*. Note that the sequence 
h(go)\h(gi)\ • • • , is cofinal to h(M*) = h(M)* . Since each g n is monic, each 
a G R[q] M is uniquely expressed as an infinite sum 



n>0 

where a n G R[q], dega n < deg<7 n +i — degg n for n > 0. From this presenta- 
tion of elements of R[q] M the result follows immediately. □ 

3.2. Injectivity of the homomorphism Pm m" Let ^ be a ring, I C R 
an ideal, and /, <7 G Mr. Let \fl denote the radical of /. We write / =>r g, 
or simply / 4> g, if / G \J (g) + I[q], i.e., if f m G (5) + I[q] for some m > 0. 

For f,g G .Mr, we write / 5, or simply / g, if we have / 4> R 5 for 
some ideal I C R with r)- >0 .P = W- Then defines a relation on the 
set Mr. Obviously, g\f implies / g. Note also that if / g, f\f, and 
</|g, then /' =► g'. 

Proposition 3.2. Let R be a ring, and f,g€L Mr with f g. Then the 
homomorphism (j) : R[q]^ 9 ^ — > i?^]^-* is injective. 

Proof. We first show that if / =4- g and i? is i-adically complete, then p^ g ^ ^ 
is an isomorphism. Since R ~ R 1 and / is monic, we have 

R[q]W ~ # J [g]^ = Hm(Bmi2//-')[g]/(/ i ) 

~ hm(limi?[g]/((f) + / j [g])) ~ #[g] (/)+J[91 . 

» 3 

Similarly, %](/») ~ %](/ff)+ J M. Since f A g, we have ((/) + Ife]) m C 
(/ m ) + C (/"<?) + /[g] for some m > 1, while we obviously have (/g) + 
I[g] C (/) + I[g]. Hence the ((/) + J[g])-adic topology and the ((fg) + 
I[g])-adic topology of R[q] are the same. Hence p^j g ^ +I ^ which is 

identified with P^ g ^ ^ , is an isomorphism. 

Now consider the general case, where we have / =>r g and R is 7-adically 
separated. We have a commutative diagram 

R[q] (f9) R[q] (f) 



Rl[q](f9) , R I[ q ] 



(/) 



Rl 

P (/9),(/) 
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where vertical arrows are induced by the inclusion R C R , and hence 
are injective. Let I denote the closure of I in R 1 . Since R 1 is I-adically 

complete and clearly / 4*#i g, the above-proved case implies that pff g ) m 

is an isomorphism. Hence pff g \ is injective. □ 

For two subsets M, M' C Mr, we write M' -< M if M' C M and for each 
/ G M there is a sequence M' 3 fa =¥ f\ =¥■■■=¥ f r = f va. M. 
Suppose that M -< M C Mr. Set 

^(M, M ) = {M' C M \ M C M', \M' \M \< oo}, 

and 

F*{M, M ) = {M' G T(M, M ) | M -< M'} C F(M, M ). 

We will regard T{M, Mo) as a directed set with respect to C, and F^{M, Mq) 
as a partially-ordered subset of T{M, Mq). Note that if M' , M" G ^ X (M, M ) 
and M" C M', then we have M" -< M'. 

Lemma 3.3. If M -< M C .Mr, i/ien T^{M, M ) is a cofinal directed 
subset of F{M,Mq). 

Proof. It suffices to show that if M' G J^(M,M ), then there is M" G 
F H (M,Mo) with M' C M". For each g e M' \ M choose a sequence 
Mq 3 go => ■ ■ ■ => g r = 9 hi M and set U g = {g±, . . . , g r }. Set M" = 
M U U s6 M'\Mo U 9- Then we have M " G ^"^( M > A*b) and M' C M". □ 

Theorem 3.4. If R is a ring and Mo -< M C .M#, i/ien i/ie homomorphism 
Pm,m : R ^ M ^l^ is ^jeciwe. 

Proof. By (||) and Lemma 3.3 we have 

fi[g] M ~ hm lim i?[g] M '. 

M'eF{M,M ) M'£F-<(M,M ) 

Hence it suffices to prove the theorem assuming that M \ Mo is finite. We 
can further assume that |M \ Mq\ = 1. Let g G M \ Mo be the unique 
element. 

First we assume that Mo = {/i, . . . , /„} (n > 1) is finite. Set f = fi ■ ■ ■ f n - 
Since fi => g for some z G {1, . . . ,n}, we have / => 5. By Proposition 3.2, 
P (/<?),(/) is in J ective - Since ^M Mo = #[<?] (/) and R[q] M = R[q] {f9) , it follows 
that Pm Mq is injective. 

Now assume that Mo is infinite. Choose an element go G Mo with go g. 
We have R[q]"o * Hm^^^ JZ[# and * ^feT™. 

For each £/ G J-{Mq, {go}) we have U ~< U U {g}. Hence it follows from the 
above-proved case that the homomorphism p§ u ^ g y jj- R[q] Uu ^ — > R[q] u is 
injective. Since p^j Mq is the inverse limit of the Pu U { g y ^ for [/ G ^"(Mo, {go}), 
it is injective. □ 
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A subset M C Mr is said to be =^r- connected if M is not empty and 
for each /, /' G M there is a sequence f = fo fi =>« ■ ■ ■ =^R fr = f 
(r > 0) in M. Note that if M is =^-connected, then for any nonempty 
subset M' C M we have M 1 -< M. The following follows immediately from 
Theorem |3.4L 



Corollary 3.5. If R is a ring, and M C Mr is a ^ R-connected subset, 
then for any nonempty subset M' C M the homomorphism p^ m' '■ R\ a \ M ~^ 
R[q] M ' is infective. 

4. Injectivity of pg S , 

If R a ring, and S C N is a subset, then we have R[q] s = i?[g]* s . If 
S' C S, then we have 

PS,S> = P* Sl * s , : • 
We will use the following well-known properties of cyclotomic polynomi- 
als. 

Lemma 4.1. (1) Let n G N, p a prime, and e > 1. TTien we /iowe 
(6) ^„(?)^„(f) d (mod(p)), 

m where d = deg<I>pe n (g)/deg<3? n (g). ('PFe Ziaue d = (p — \)p e ~ l if 

(n,p) = 1 and d = p e if p\n.) 

(2) If m,n G N, and n/m G Q is not an integer power of a prime, then 
we have ($ n (q),$ m (q)) = (1) in Z[q\. 

For m, n G N, we define c m) „ G {0, 1} U {p | prime} by 

(1) c n>n = 0, 

(2) c m>n = p if p is a prime and n/m = for some j £ Z \ {0}, and 

(3) c m>n = 1 if n/m is not an integer power of a prime. 

Note that c m ^ n = c n ^ m for all m, n G N. It is straightforward to see that 
m <^r n if and only if R is (c mi „)-adically separated. 

Lemma LI implies that for each m, n G N we have $ m (o) G y (^(g), c mi „) 

(c m n) 

in i?[g], i.e., $ m (g) =4- _r ^n(o). It follows that if m 44># n, then we have 
^m(o) =^.r $n(,q)- Note also that if 5 C N is 44>j?-connected, then $5 is 



=>i?-connected. The following follows immediately from Theorem 3.4 and 



Corollary 3.5 



Theorem 4.2. Let R be a ring and let S' C S C N. Suppose that each 
connected component of the graph Tr(S) contains at least one vertex of 
Fr(S'). (In other words, for each element n G S, there is a sequence S' B 
n ' ^R • • • ^R n in S.) Then the homomorphism p§ s > is injective. 

In particular, if S C N is -^r- connected, then for any nonempty subset 
S' C S the homomorphism p$ s , : R[q] s — > R[q] is injective. More partic- 
ularly, for any nonempty subset S' C N the homomorphism p^ s , : Z[g] N — ► 
Z[q] s is injective. 
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We remark that the special case of Theorem 4.2 where R = Z, S = N, 
and S' = {1} is obtained also by P. Vogel. Another proof of a special case 
of Theorem [4.2| is sketched in Remark 

For each n G N set (n) = {m G N | m|n}. Since Y\ <&( n ) = Yl m \ n & m (q) = 
q ,n — 1, we have 

R[q]( n ) = R[q]^ n -^ = limR[q}/(q n - l) j . 

j 

Note that the set (n) is 44>R-connected if and only if for each prime factor 
p of n the ring R is p-adically separated. A subset S C N will be called 
R- admissible if S is a ^^-connected, directed subset of N such that n G S 
implies (n) C S 1 . Note that a subset 5 C N is finite and inadmissible if 
and only if there is n G N such that 5 = (n) and R is p-adically separated 
for each prime factor p of n. Note also that an inadmissible subset ScN 
satisfies S = Unes( n )' an< ^ hence we have R[q] s ~ lim R[q]^ . The 



following easily follows from Theorem 4.2. 



Corollary 4.3. Let R be a ring, and let S C N be R-admissible. Then 
for each m,n £ S with m\n the homomorphism p R n ^ : R{q]( n ' —* R[q]^ 

is injective. Hence R[q] s can be regarded as the intersection f] n&s R[q]^ , 
where the R[q]( n \ n G S, are regarded as R-subalgebras ofR[q]^' = R[[q—1]]. 

In particular, if m,n G N and m\n, then $L\ i m \- — > Z[q]^ is 
injective. We have Z[qf = f\ eN %] (n> ■ 



We will see in Proposition |7J that if m\n and m ^ n, then p^ ^ is not 
surjective. 

5. Expansions at roots of unity 

For an integral domain R of characteristic let Z R denote the set of the 
roots of unity in R. If S C N, then set Z§ = {( G Z R | ordC G S}. For a 
subset Z C Z R set 

R[q] Z = R[q] Mz , 
where M z = {q - ( \ ( G Z} C Mr. If Z' C Z, then set 

= pm z ,m z , ■ R[q] z ^ R[qf ■ 

(Although we have 1 G Z and 1 G N, the notation it^f/]^ is not ambiguous 
because 1 is the unique primitive 1st root of unity.) 

For a subset Z C Z R set Nz = {ordC | C £ %}i an d m particular set 
Nr = N z r. If S C ./Vr, then we have 

Lemma 5.1. Let R be an integral domain of characteristic 0, and let (, G 
Z R . Then the following conditions are equivalent. 

(i) (q-0 (q ~ ('), 
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(2) R is (C — (J)-adically separated, 

(3) ord(C _1 C') is a power of some prime p such that R is p-adically 
separated. 

Proof. If (1) holds, then we have (q — Q) m G (q — £') + I[q] for some m > 
and R is J-adically separated. It follows that (£' — Q) m G J, and hence R is 
(£' — £)-adically separated. Hence we have (2). 

The other implications (2)=>(1) and (2)44>(3) are straightforward. □ 

Let <=^r denote the relation on Z R such that for Q, £' G Z fl we have 
£ 44>r if and only if either one of the conditions in Lemma [Tl] holds. The 
following follows immediately from Corollary p.5| . 

Theorem 5.2. Let R be an integral domain of characteristic and let Z C 
Z R be a <^R-connected subset. Then for any nonempty subset Z' C Z the 
homomorphism p R z ,\ R[q] z — > is injective. 

If £' ^ Z R , then C 44># £' implies ord£ ord£'. (The converse, 
however, does not holds.) It follows that if Z C Z R is 4=>ij-connected, then 
Nz is ^^-connected. 



Remark 5.3. We sketch below another proof using Theorem of the special 
case of Theorem <L2 where S 1 is 44>#-connected and R is an integral domain 
of characteristic such that R is p-adically separated for any prime p. Let 
k be the quotient field of R and let k be the algebraic closure of k. Let 
R C k be the -R-subalgebra generated by the elements of Zg. In view of 
Lemma |3.1| , it suffices to see that p R s , is injective. Since ^^-connectivity 

of S implies that of Zs, the homomorphism p R s , = p R s z / is injective by 
Theorem O. 



Theorem 5.4. Let R be an integral domain of characteristic 0, S C N a 
^R-connected subset, and n G S. Assume that R is p-adically separated 
for each odd prime factor p of n, and also that if 4|n, then R is 2-adically 
separated. Let Q be a primitive nth root of unity, which may or may not be 
contained in R. Then the homomorphism 

a R c : R[qf ^ R[(][[ q - (}] 

induced by R[q] C i?[C][ff] is injective. 

In particular, for any root £ of unity the homomorphism cr§^ : 2%] N — > 
— £]] is injective. 

Proof. The homomorphism a R ^ is the composition of the following three 
homomorphisms 

r R[Q 
R[qf ***** R[ q ]W -L-> R{Q]\q}^ R[C][[g ~ C]], 



the first two arrows of which are injective by Theorem |4.2| and Lemma 13^1 
respectively. Hence it suffices 
assume £ G R, hence R = R[C] 



R\C] 

respectively. Hence it suffices to prove that is injective. We may 
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For each m with m\n, set Z m = = {( G Z R | ord£ = m}. By 

i^JgjW ~ R[q] Zn and Theorem 5.2, it suffices to prove that the set Z n is 44>r- 



connected. The case n = 1 is trivial, so we assume not. Let n = p^ 1 ■ ■ -p e T r 
be a factorization into prime powers, where p%, . . . ,p r are distinct primes 
and e%, ■ ■ ■ , e r > 1. There is a bijection 

Z p ei X • • • X Z p er ^Z n , (£l , . . . , £ r ) ^ • • • £ r . 

It suffices to show that if (£1, . . . , £ r ), . . . , ££) G Z p e i x • • • x Z p cr satisfies 
^ = £j for all j G {1, ... ,r} \ {i} and ^ 7^ ^ for some i, then we have 
£1 • • • £r " ' ' £r> which is equivalent to that £j ^. Since Z2 = {—1} 

contains only one element, the case pi = 2 and ej = 1 does not occur. We 
have (& - £■) C y/(pi), and hence & <^> R ^. □ 

Corollary 5.5. Let R be an integral domain of characteristic 0, and ScN 
a 44> r- connected subset. Suppose that there is n £ S such that R is p- 
adically separated for each odd prime factor p of n, and if 4\n, then R is 
also 2-adically separated. Then the ring R[q] is an integral domain. 

In particular, 1i[q] s is an integral domain for any nonempty subset ScN. 

Proof. The result follows from Theorem [T4| and the fact that the formal 
power series ring — Q] is an integral domain. □ 

6. Values at roots of unity 

Theorem 6.1. Let R be a subring of the field Q of algebraic numbers, 
S C N a <^r- connected subset, and T C S a subset. Suppose that for some 
n G S there are infinitely many elements m G T with m n. Then the 
homomorphism t$ t : R[q] s — >• Pt(R) is injective. 

In particular, if R is a subring of the ring of algebraic integers, then, for 
any subset T C N containing infinitely many prime powers, t^ t : -R[g] N —> 
Pt(R) is injective. 

Proof. Suppose for contradiction that there is a nonzero element a G R[q] s 
with Tg T (a) = 0. By Theorem 4.2 , Pgs n \ * s m j ec ti ve ; an d therefore we have 



P§ { n }( a ) 7^ 0- Hence we can write Ps{ n }( a ) = YlJLi a j&n(qy , where I > 
and aj G R[q] for j > I with ai G" ($„((/)). There are infinitely many elements 
mi, T7i2, • • • G T with m, n and n\rrii. For each i, rrii/n is a power of a 
prime j*i such that R is pj-adically separated. It follows from T$ T (a) = that 
& mi (q)\a in R[q] s for each i. Since R is an integral domain of characteristic 
0, we can show by induction that $ mi (g) • • • $ mfc (g)|a in R[q] s for each 
k > 0, and hence we have $ mi (<?) • • • ®m k (q)\Ps,{ n }( a ) in R[o\^ ■ % (D we 
have $ mi (q) e (Ph$n(o)) f° r eac h Hence we have $ mi (g) • • • $ mfc (g) G 
(pi • • 3>n(g))- I n other words, for each k > 0, a; = a/ mod (^(q 1 )) G 
/($„(#)) is divisible by p\ ■■■pk- Note that i2[g]/($ n (qr)) = R® Rq® 
• • • © Rq 11 ' 1 with d = deg 3> n (<7), and a; is expressed as a polynomial in q of 
degree< d, each coefficient of which is divisible by p\ ■ ■ ■ Pk in R for k > 0. 
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Since R is a subring of Q and each pi is a non-unit in R, it follows that the 
coefficients of ai are zero. Consequently, we have a; E ($> n (q)). □ 

Proposition 6.2. Lei R be a subring of Q, and S C N an infinite subset. 
Then the completion R[q] s of R[q] is not an ideal-adic completion, i.e., 
there is no ideal I in R[q] such that id^i induces an isomorphism R[q] s — 
lim.R[q]/P. 

Proof. Let I C R[q] is a nonzero ideal, and f(q) £ I a nonzero element. 
Then there are only finitely many elements n £ S with ^ra( )|/( )- For each 
n G R the power /(gp for j > 1 is divisible by 3> n (<7) if and only if f{q) is 
divisible by <& n {q). It follows that /(a) J does not converge to as j — ► 
in with the topology defining the completion i?[g] 5 '. Hence we have 
R[qf lim. R[q]/P. □ 

Let R be a subring of Q, and let Z C Z 1 ® be a subset. Set 

P z (R) = l[R[t}, 

which generalize the definition of P^(Z). If S C N is a subset and Z C ZS, 
then let 

denote the homomorphism induced by R[q] — > Pz(R), f(q) *— > (/(C))c&z- 

Theorem 6.3. Lei R be a subring of Q, and Zei S 1 C N and Z C be 
subsets. Suppose that there is an element n £ S such that for infinitely many 
C G Z we have ord£ 44>r, n. Then the homomorphism t$ z : R[q] s — > Pz(R) 
is injective. 

In particular, if R is a subring of the ring of algebraic integers, and Z C 
is a subset containing infinitely many elements of prime power orders, 
then t$ z : R[q] s —> Pz(R) is injective. 

Proof. Set N z = {ord( \ ( e Z} C N. Let 7: P Nz (R) -> Pz(R) be the ho- 
momorphism defined by r y((f n (q))neN z ) = (/n c (C))cez- Since 7 is the direct 
product of the injective homomorphisms R[q]/($ n (q)) — > IlceZordC=n ^[C]> 
/(<?) I— *■ (/(O)C' ^ follows that 7 is injective. We have = JTg Nz , 
where t$ Nz : R[q] s — ► Pn z (R) is injective by Theorem 6T. Hence r<? z is 



injective. □ 

Conjecture 6.4. For any infinite subset Z C -Z^, f/ie homomorphism 
lyj z : Z[g] N — > Pz(%) is injective. 

IfZ'cZc Z R , then we have a homomorphism 

R[q] z ^Pz(R), 
induced by P[g] -» P Z (R), /(?) ^ (/(C)) C - 
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Theorem 6.5. Let R be a subring ofQ, let Z C Z R a &>r- connected subset, 
and let Z' C Z. Suppose that for some ( £ Z there are infinitely many 
elements £ G Z' with £ Then the homomorphism t r z ,: R[q] z —> 

Pz'(R) is injective. 



Proof. The proof is similar to that of Theorem 6.1 with the cyclotomic 
polynomials replaced with the polynomials q — ( with £ a roots of unity. 
The details are left to the reader. □ 

7. Remarks 

7.1. Units in Z[q} s . If R is a ring and S C Mr is a subset consisting 
of monic polynomials with the constant terms being units in R, then the 
element q is invertible in R[q] s . In particular, we have an explicit formula 
for q^ 1 £ -R[/z] N as follows. 

Proposition 7.1. For any ring R the element q € i?[?] N is invertible with 
the inverse 

n>0 

Proof. qEn>0l n (<l)n = En>0l n+ Hq)n = £ n > (l " (1 ~ q n+1 )){q)n = 
En>o(0?)n - (q)n+l) = (<?)o = 1- □ 

For each subset S C N the inclusion Z[q] C Z[q,q~ l ] induces an isomor- 
phism 

Z[q] S ^ Jim Z[q,q- l ]/U), 

via which we will identify these two rings. If S 7^ 0, then, since Plfg** (/) = 

■* s 

(0) in Z[q, the natural homomorphism Z[q, q" 1 ] — > Z[q] s is injective 
and regarded as inclusion. 

For a ring R let U (R) denote the (multiplicative) group of the units in R. 
If S 7^ 0, then we have 

U{Z[q,q- l ])^U{Z[q]"). 

It is well known that U(Z[q, q -1 ]) = {±q l | i £ Z}. If we regard Z[g] N and 
the Z[q}^ as subrings of Z[q]M = Z[[q - 1]] as in Corollary then we 

U(Z[qf) = f| U(Z[q]M). 

neN 

Conjecture 7.2. We have U(Z[q] N ) = {±q i \ieZ}. 

Remark 7.3. One might expect that Conjecture [7^ would generalize to any 
infinite, Z-admissible subset ScN, but this is not the case. For odd m > 3 
consider the element 7 m = ^2 t ^q 1 (—^Yq l £ which is known to define a 
unit in the ring Z[q]/{q n — 1) with (n, 2m) = 1 and is called an "alternating 
unit", see 11]. For such n, it follows that there are u, v £ Z[g] such that 
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7 m n = 1 + v& n (q). Since 1 + v& n (q) is a unit in Z[q]( n \ it follows that 7 m is 
a unit in Z[q]^ n \ Set S = {n £ N | (n, 2m) = 1}. Then it is straightforward 
to check that 7 m defines a unit in Z[q] s (hence also in Z[q] s for any S' C S). 
Consequently, we have U(Z[q] s ) C {±q l \ i E Z}. 

7.2. A localization of Z[g] N . In some application j2j, it will be natural 
to consider the following type of localization of Z[g] N . Recall from Propo- 
sition |5.5| that Z[g] N is an integral domain. Let Q(Z[g] N ) denote the quo- 
tient field of Z[g] N . We will consider the the Z[g] N -subalgebra Z[g] N [* N x ] 
of Q(Z[g] N ) generated by the elements <l? n (q , )~ 1 for n £ N. Alternatively, 
ZfgJ^f*!?^ 1 ] may be defined as the subring of Q(Z[q] N ) consisting of the frac- 
tions f(q)/g(q) with /(g) E Z[g] N and g(q) £ Similarly, let Z[g, g" 1 ]^" 1 ] 
denote the Z[g, g _1 ]-subalgebra of the quotient field Q(g)(C Q(Z[g] N )) of 
Z[g,g _1 ] generated by the elements ^ n (q)^ 1 for n £ N, which may alter- 
natively defined as the subring of Q(g) consisting of the fractions f(q)/g(q) 
with f(q) £ Z[q, q' 1 } and 5(5) £ *£. 

Proposition 7.4. P^e fowe ZfgH*" 1 ] = Z[g] N + Z[q, g -1 ]^ 1 ]. 

Proof. The inclusion D is obvious; we will show the other inclusion. Since 

ZMW] = U 7^ Z ^ N , 

/(g)G#* ^ W 

it suffices to show that for each f(q) £ <&j^ we have 

1 zbfczi^ + i-zi^- 1 ]. 



/(</) m " J /(g) 

By multiplying /(g), we need to show that 

nqfcf(q)Z[qf + Z[q,q- 1 }, 
which follows from Z[g] N ~ lim Z[g, q 1 ]/(f(q)g(q))- Q 

Proposition 7.5. We /iaue 

zbfnzi^l^-^ziM- 1 ]. 

Proof. The inclusion D is obvious; we will show the other inclusion. Suppose 
that f(q) = g{q)/h(q) £ Z[g] N n Z[g, g" 1 ]^ 1 ], where <?(g) £ Z^g" 1 ] and 
h(q) £ and g{q) and /i(g) are coprime. We will show that /(g) £ 

Z[g, g _1 ], i.e., /i(g)|<?(g) in Z[g, g -1 ]. Assume for contradiction that h(q) / 1. 
Choose n £ N such that <& n (q)\h(q). We have g(q) = f(q)h(q). Since 
$ n (g)|/i(g), we have &n(q)\g(q), which is a contradiction. Hence we have 
h(q) = 1, and we obviously have h(q)\g{q). □ 
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7.3. Modules. We can define cyclotomic completions also for any Z-modules 
as follows. Let A be a Z-module, and let A[q] denote the Z[q]-module of poly- 
nomials in q with coefficients in A. For each S C N let denote the 
completion 

A[qf = Jim A[q]/fA[q]. 

If A is a ring, then this definition of Afg] 5 is compatible with the previous 
one. Some results in the present paper can be generalized to the 



For example, Theorem |4.2| is generalized as follows. Let <^a denote the 
relation on N such that m 4^ a n if and only if either we have A = 0, or m/n 
is an integer power of a prime p with A being p-adically separated. 

Theorem 7.6. Let A be a Z-module, and let S' C S C N be subsets. Suppose 
that for each n 6 S there is a sequence S' B n' <^a • • • n in S. Then 
the homomorphism Pg S ,- A[q] s — > A[q] s induced by id^i is injective. 

Proof. One way to prove Theorem |7.6| is to modify Section |3| and the proof 



of Theorem 4.2. We roughly sketch the necessary modifications. Section 



is generalized as follows. For two elements /, g € Mr and an i?-module, 

we write / =^a 9 if / =>A 9 for some ideal I with A being I-adically sep- 
arated. Then Proposition |3.2| with R replaced with an i?-module A holds. 



Generalizations of Theorem |3.4| and Corollary 3.5 to i?-modules is straight 



forward. Theorem |7.6| follows immediately from the generalized version of 
Corollary 



Alternatively, we can use Theorem 4.2 as follows. Since the case A = is 



trivial, we assume not. Let A 1 = Z © A be the ring with the multiplication 
(m, a)(n, b) = (mn, mb + na) and with the unit (1,0). Then for m, n 6 N we 



have m <^a n if and only if m <^a> n - Hence we can apply Theorem L2 to 
obtain the injectivity of p$ s ,. We can identify p$ s , with the direct product 

p%s> © Ps,s> ■ Z M 5 © A[qf - nqf © A[ q f. 

Hence pg s , is injective. □ 



7.4. Non-surjectivity of r n y 

Proposition 7.7. (1) If m,n £ N, m n , and m ^ n, then the 
homomorphism / 3 { mn }{ m } : 7L\q\^ m,n ^ — ► Zfgj'f 7 "^ is not surjective. 

(2) If m\n and m ^ n, then the homomorphism P^^- Z[g]^ — > 

Z[g]^ is not surjective. 

(3) For each nonempty, finite subset ScN, the homomorphism p^ s : Z[q] 
1j[q] s is not surjective. 
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Proof. (1) We have m/n = p e for some prime p and an integer e / 0. 
Consider the following commutative diagram of natural homomorphisms. 

Z[g] P ' m '" Um} > Z[q]W 

b 

%]/($„(?)) -7- Zp[g]/(* ft (g)) 

It follows from Z p [g]/($ n (g)) ~ liin. Z[g]/(*„(g),p»), $ m (g) G V(*n(g),p), 
and p G (<I> m (<7), that 6 is a well-defined, surjective homomorphism. 

Since c is not surjective, p^ m ^ r i is not surjective. 

(2) We may assume that n = pm for a prime p. The case m = 1 is 
contained in (1) above. There are isomorphisms 7L\q\^ ~ 7L\q m \^ (&z\q m ] 
Z[g] and r L[q\( pm " 1 ~ 7L\q m \^ i8>z[ ? m] Z[g] induced by the isomorphism Z[g] ~ 
Z[g m ] (8>z[gTOi Z[g]. Then the case m = 1 implies the non-surjectivity of 

^ (pm),(rn) ' 

(3) This follows from (2) above, since s factors through , for 
some m, n with m\n and m ^ n. □ 

7.5. The ring Q[g] s . The structure of Q[g] 5 for S C N is quite contrasting 
to that of Z[q] s . Note that Z[q] s embeds into Q[q] s by Lemma (The 
following remarks holds if we replace Q with any ring R such that each 
element of S is a unit in R.) 

Note that if m, n G 5, m 7^ n, then (<J> m (g) 1 , $ n (g) J ) = (1) in Q[q] for any 
i, j > 0. Consequently, for each f(q) = ]lne5 $n(g) A ^ G $5 with A(n) > 
we have by the Chinese Remainder Theorem 

®W(f(q)) -H®[q]/($n(q) X{n) ). 
Taking the inverse limit, we obtain an isomorphism 

Q[qf^ n ^ {n} - 

Since each Q[g]^ n ^ is not zero, it follows that Ql^] 5 is not an integral do- 
main if \S\ > 1. It also follows that pggi- Q[q] s — ► Q[g] S ' is not injective 
(but surjective) for each S' C S. Since for each n G 5 the (surjective) ho- 
momorphism Q[g]{ n ^ — > Q[q]/(<& n (q)) is not injective, the homomorphism 
T s,s : ^ Q[?]/(*n((?)) is not injective. 
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